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We study a chiral quark model ofpi, σ, ρ, and a1 mesons in the large-Nc limit. We show that
the quadratic a1 − pi mixing can be set to zero at zero momentum, thus protecting the gσpipi
and gρpipi couplings from being contaminated by the corresponding vertices with one or both
pions replaced by the axial-vector meson. We further require the chiral-quark Lagrangian to
feature an approximate classical scale invariance, the latter being only broken by dimension-
two mass terms, and that the longitudinal vector meson scattering amplitudes grow at most
like s, where
√
s is the center-of-mass energy. This allows us to accurately predict the correct
value of gσpipi, gρpipi, and the a1 decay constant fa1 . We further show that strongly-coupled
theories with near-conformal dynamics are expected to feature an approximate custodial
chiral symmetry, with interesting phenomenological consequences.
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2I. INTRODUCTION
It has been known for many years that the effective Lagrangian of pions and and ρ mesons
accounts for the correct gρpipi coupling [1], and guarantees unitarity of pipi scattering for energies
below mρ. In [2] it was shown that a proper description of pipi scattering beyond mρ requires
introducing the scalar singlet σ, with a mass around 500 MeV. Recently, seeking for similarities
between the σmeson and the 125 GeV resonance observed at the LHC, it has been pointed out that
the σpipi coupling, in units of the pion decay constant, is equal to unity with remarkable accuracy
[3]. In general, the physics of pi and σ can be described in terms of a linear representation of the
chiral group, with the pia isospin triplet and the σ singlet forming a bi-doublet of SU(2)L × SU(2)R.
In fact the vertices with multiple pi and σ legs can be made independent of each other by taking
an arbitrarily large number of higher dimensional chiral invariants in the effective Lagrangian.
However the experimental result gσpipi ' 1 suggests that the higher dimensional operators are
suppressed, and the linearly-realized effective Lagrangian ofpi and σ interactions is approximately
invariant under classical scale invariance (CSI), the latter being only broken by a dimension-two
mass term. In other words, experimental data suggest that the ordinary linear sigma model (LSM)
is a good description of pi and σ interactions.
One could think of extending the particle content of the LSM to include the ρ meson, and thus
successfully account for the elastic pipi scattering below mρ with a simple linear Lagrangian. This,
however, does not work as smoothly as one could hope. The reason is that a linear SU(2)L×SU(2)R
Lagrangian with vectors must also include the axial-vector meson a1. If the the a1 mass is assumed
to be infinitely large, low-energy pipi data can be reproduced quite well within a linear model
[1]. However, a finite ma1 introduces a non-zero a1 − pi quadratic mixing term, which can only be
removed by shifting the axial-vector field. This modifies the ρpipi and σpipi vertices, and makes
the agreement with experimental data possible but problematic: the gσpipi coupling turns out to
equal to one by accident, rather than symmetry, and the longitudinal vector meson scattering
amplitudes grow like s2 rather than s.
As we shall see, a possible way to protect the gσpipi coupling from contamination by the a1 − pi
mixing is to extended the ordinary custodial isospin symmetry to include a larger custodial chiral
symmetry (CCS), which constrains the interactions between the spin-zero and spin-one resonances
[4]. This forbids the a1 − pi mixing, and, together with CSI, implies gσpipi = 1. Unfortunately, as we
shall see, CCS also implies gρpipi = 0, in clear contrast with experimental data.
In this paper we show that a linear model including spin-one resonances may account for
3the experimental data if chiral quark dynamics is added on top of the meson Lagrangian. This
introduces running couplings in the Lagrangian of meson interactions, and allows setting the
a1 −pimixing to zero at zero momentum. With zero mixing for on-shell (or nearly on-shell) pions,
the gσpipi and gρpipi couplings receive no contribution from the corresponding vertices with one or
both pions replaced by the axial-vector meson. As a consequence, and after imposing CSI, we
obtain gσpipi = 1, while still having gρpipi , 0 at ρ momenta greater than zero. We further require
the longitudinal vector meson scattering amplitudes to grow at most like s, which allows us to
impose an additional constraint on the parameters. As a result we are able to make accurate
predictions for the axial decay constant fa1 and the gρpipi coupling, which turn out to be in excellent
agreement with data. Extrapolating these results to theories other than QCD, we argue that
CCS is realized (approximately) in theories with near-conformal strongly-coupled dynamics, with
interesting applications to dynamical electroweak symmetry breaking and LHC physics.
This paper is organized as it follows. In Sec. II we show how to extract the gσpipi and gρpipi
couplings from data, and present the most recent results. In Sec. III we introduce the linearly-
realized effective Lagrangian of pi, σ, ρ and a1 mesons. We show that this may account for the
experimental data, but does not explain why gσpipi ' 1, and does not suppress the term growing
like s2 in longitudinal vector meson scattering amplitudes. In Sec. IV we extend the meson
Lagrangian to include chiral quark dynamics, and compute, in the large-Nc limit, the effect of
quark dynamics on the meson interactions. Requiring the a1 − pi mixing to vanish for on-shell
pions, and imposing that the longitudinal vector meson scattering amplitudes grow at most like
s, allows us to make accurate predictions for fa1 and gρpipi. In Sec. V we extrapolate our results to
theories with near-conformal dynamics, and argue that these feature an approximate CCS. Finally
in Sec. VI we offer our conclusions.
II. PION COUPLING TO THE σ AND ρMESON
A good deal of knowledge in low-energy QCD is provided by the elastic pipi scattering. Well
below 1 GeV this is unitarized by σ and ρ meson exchanges, resulting in the invariant amplitude
A(s, t,u) = −
 1f 2pi + 4g
2
ρpipi
m2ρ
m2pi +  1f 2pi − 3g
2
ρpipi
m2ρ
 s − g2σpipif 2pi (s − 2m
2
pi)2
s −m2σ
− g2ρpipi
 s − ut −m2ρ + s − tu −m2ρ
 , (1)
where fpi is the pion decay constant [7]:
fpi = 92.2 ± 0.14 MeV . (2)
4The σpipi and ρpipi couplings can be determined by extracting spin and isospin projections of
A(s, t,u) and comparing these with data. The isospin-zero and isospin-one projection of A(s, t,u)
are [5]
A0(s, t,u) = 3A(s, t,u) + A(t, s,u) + A(u, t, s) , (3)
A1(s, t,u) = A(t, s,u) − A(u, t, s) . (4)
These can be further projected on spin-J partial-waves by [6]
AIJ(s) =
1
64pi
√
1 − 4m
2
pi
s
∫ 1
−1
d cosθPJ(cosθ)AI(s, t,u) . (5)
One can define a complex pipi coupling to a resonance as its pole residue,
gIJ(spole) ≡ −16pi lims→spole(s − spole)AIJ(s)
2J + 1
(2p)2J
, (6)
where spole is complex. The σ meson appears in the I = 0, J = 0 channel, whereas the ρ exchanges
contribute to the I = 1, J = 1 channel. Using (1) allows us to relate gσpipi and gρpipi respectively to
g00(sσ) and g11(sρ). The result is
|gσpipi| =
√
2
3
|g00(sσ)| fpi
|sσ|
∣∣∣∣∣∣1 − 4m2pisσ
∣∣∣∣∣∣−1/4
∣∣∣∣∣∣1 − 2m2pisσ
∣∣∣∣∣∣−1 , (7)
|gρpipi| = |g11(sρ)|
∣∣∣∣∣∣1 − 4m2pisρ
∣∣∣∣∣∣−1/4 . (8)
The values of |g00(sσ)| and |g11(sρ)| have been recently extracted from data in [8]. These, together
with the values of gσpipi and gρpipi obtained using (7) and (8), are shown in Tabs. I and II. Note
that gσpipi is very close to unity, as already observed in [3]. Here we assume that this is not an
accident, but rather a direct consequence of an approximate CSI in the effective Lagrangian of
meson interactions.
III. MESON LAGRANGIAN
We work in the context of two-flavor QCD, with an SU(2)L × SU(2)R chiral symmetry sponta-
neously broken to vectorial SU(2)V by the quark condensate. Consider first the lightest mesons,
that is the pia triplet and the scalar singlet σ, and arrange them in an SU(2)L × SU(2)R spin-zero
bi-doublet,
Σ ≡ 1√
2
(v + σ + i piaτa) , (9)
5Method
√
sσ (MeV) g00(sσ) (GeV)
∣∣∣gσpipi∣∣∣
Roy 445 ± 25 − i 278+22−18 3.4 ± 0.5 1.0013 ± 0.17
GKPY 457+14−13 − i 279+11−7 3.59+0.11−0.13 1.0169 ± 0.06
TABLE I: Values of sσ and g00(sσ) obtained in [8] using Roy and GKPY equations (see reference for
details). The last column gives gσpipi as obtained from (7).
Method √sρ (MeV) g11(sρ)
∣∣∣gρpipi∣∣∣
Roy 761+4−3 − i 71.7+1.9−2.3 5.95+0.12−0.08 6.14 ± 0.12
GKPY 763+1.7−1.5 − i 73.2+1.0−1.1 6.01+0.04−0.07 6.21 ± 0.07
TABLE II: Values of sρ and g11(sρ) obtained in [8] using Roy and GKPY equations (see reference for
details). The last column gives gρpipi as obtained from (8).
where τa, a = 1, 2, 3, are the Pauli matrices, and v = fpi is the vacuum expectation value (VEV)
breaking SU(2)L × SU(2)R to vectorial SU(2)V. Here and in remainder of this paper we shall
neglect the pion mass, as this is expected to give a small contribution to the couplings. We can
have vertices with arbitrary coefficients by taking an arbitrarily large number of invariants build
out of the Σ field and its derivatives. However we assume that the effective Lagrangian of pi and σ
interactions obeys CSI, the latter being only broken by a dimension-two mass term. This implies
the LSM Lagrangian
LLSM =
1
2
Tr ∂µΣ∂µΣ† +
m2
2
Tr ΣΣ† − λ
2
Tr ΣΣ†ΣΣ† , (10)
where v2 = m2/λ. Using this to compute A(s, t,u) leads to gσpipi = 1, in agreement with experiment.
This result is a direct consequence of CSI: without the latter, higher dimensional operators could
be added, and these would modify gσpipi. The CSI hypothesis means that such operators are more
suppressed than suggested by naive dimensional analysis.
This simple scenario changes radically when the LSM is extended to include the lightest
SU(2)L × SU(2)R spin-one resonances. These are conveniently, and without loss of generality,
introduced as gauge bosons of a mirror chiral group. The full symmetry group becomes SU(2)L0×
SU(2)R0×SU(2)L1×SU(2)R1. This is shown by the moose diagram of Fig. 1, where circles represent
SU(2) groups and links represent sigma fields breaking adjacent groups to a diagonal one. The
“1” groups are the gauge groups of the spin-one fields Laµ and Raµ, with gauge coupling g˜. These
fields can be expressed in terms of the vector and axial-vector mass eigenstates, that is the ρ and
6g˜ g˜
UL UR
Σ
g = 1 g = 1
f f
v
L R
0
1
FIG. 1: Moose diagram for the meson Lagrangian of two-flavor QCD. The lower circles correspond to
the ordinary SU(2)L × SU(2)R chiral symmetry, whereas the upper circles correspond to a gauged copy
of the chiral symmetry group, whose gauge bosons are the ρ and a1 meson. The lower link corresponds
to a linear sigma-model field containing the σ meson and the pions. This field breaks the chiral
symmetry to a vectorial SU(2)V subgroup. The left and right links correspond to non-linear
sigma-model fields. These break the adjacent groups to a diagonal subgroup, and give mass to the
spin-one mesons. See text for further details.
a1 meson, respectively. We shall call the corresponding fields Vaµ and Aaµ:
Laµ =
Vaµ + Aaµ√
2
, Raµ =
Vaµ − Aaµ√
2
. (11)
The “0” groups correspond to the ordinary chiral symmetry. In order to extract chiral current
correlators and decay constants, these groups have been gauged, with gauge fields Lµ and Rµ,
and gauge coupling g = 1. The Σ field is the same as in (9), whereasUL andUR are nonlinear sigma
fields with vacuum expectation value f . Note that the parity symmetry of the strong interactions
forces g˜ and f to be equal for the “left” and “right” fields. The sigma-field covariant derivatives
are
DµUL = ∂µUL − i Lµ UL + i UL Lµ ,
DµUR = ∂µUR − i RµUR + i UR Rµ ,
DµΣ = ∂µΣ − i Lµ Σ + i Σ Rµ , (12)
where Xµ ≡ Xaµτa/2. The effective Lagrangian must be invariant under the parity transformations
L↔ R , L ↔ R , UL ↔ U†R , Σ↔ Σ† . (13)
Based on our assumptions, it must also contain mass and dimension-four terms only. This leads
7to the linearly independent invariants
Lmeson = − 12g˜2 Tr
(
LµνLµν + RµνRµν
)
+
f 2
4
Tr
(
DµULDµU†L + DµURD
µU†R
)
− i s1
g˜
Tr
[
Lµν
(
DµULDνU†L −DνULDµU†L
)
+ Rµν
(
DµU†RD
νUR −DνU†RDµUR
)]
+
s2
2g˜2
Tr
[(
DµULDµU†L
)2
+
(
DµURDµU†R
)2]
+
s3
2g˜2
Tr
[
DµULDνU†LD
µULDνU†L + DµU
†
RDνURD
µU†RD
νUR
]
+
1
2
Tr DµΣDµΣ† +
m2
2
Tr ΣΣ† − λ
2
Tr ΣΣ†ΣΣ†
+
r1
2
Tr
(
ΣΣ†DµU†LD
µUL + Σ†ΣDµURDµU†R
)
+ r2Tr DµU†LULΣD
µURU†RΣ
†
− r3
4
Tr
[
DµU†LUL
(
ΣDµΣ† −DµΣΣ†
)
+ DµURU†R
(
Σ†DµΣ −DµΣ†Σ
)]
, (14)
where Lµν (Rµν) is the field-strength tensor for the gauge field Lµ (Rµ). After symmetry breaking
this Lagrangian is still invariant under a vectorial global symmetry SU(2)V: this is the ordinary
custodial isospin symmetry. In the limit r2, r3 → 0, there is an additional custodial symmetry,
the SU(2)′L × SU(2)′R CCS mentioned in the introduction, with Lµ (Rµ) transforming as a triplet of
SU(2)′L (SU(2)
′
R) [4]. Note that for global symmetries other than SU(2)L×SU(2)R, CCS also requires
the r1 term to vanish: in the SU(2)L × SU(2)R case, the r1 term does not violate CCS because ΣΣ†
is proportional to the identity matrix.
Now we express observables in terms of the Lagrangian parameters. The meson masses are
m2σ = 2λv
2 , m2ρ =
g˜2
4
[
f 2 + (r1 − r2)v2
]
, m2a1 =
g˜2
4
[
f 2 + (r1 + r2)v2
]
. (15)
In order to compute the pion and axial-vector decay constant we first need to compute the axial-
current correlator. This is found by inverting the axial-axial quadratic Lagrangian in momentum
space,
L(2)A =
1
2
(
Aaµ Aaµ
) (
DA(q2)
)−1 AaµAaµ
 , (16)
whereA ≡ (L−R)/√2, and the inverse axial-matrix propagator
(
DA(q2)
)−1
can be easily extracted
from (14). The axial-axial correlator is
ΠAA(q2) =
1(
DA(q2)
)
11
. (17)
From this we can extract the pion and a1 decay constants:
f 2pi = 2ΠAA(0) , f
2
a1 = limq2→m2a1
1 − m2a1q2
 2ΠAA(q2) . (18)
8Straightforward computation gives
f 2pi = v
2
1 − r23 g˜2v28m2a1
 , f 2a1 = 2m2a1g˜2
1 − r3 g˜2v24m2a1
2 . (19)
The vector-current correlator is found by inverting the vector-vector quadratic Lagrangian in
momentum space,
L(2)V =
1
2
(
Vaµ Vaµ
) (
DV(q2)
)−1 VaµVaµ
 , (20)
whereV ≡ (L + R)/√2. This gives
ΠVV(q2) =
1(
DV(q2)
)
11
. (21)
As the vector current is not broken, the ΠVV correlator must vanish at q2 = 0:
ΠVV(0) = 0 . (22)
The ρ decay constant is given by
f 2ρ = lim
q2→m2ρ
1 − m2ρq2
 2ΠVV(q2) . (23)
Straightforward computation confirms (22), and gives
f 2ρ =
2m2ρ
g˜2
. (24)
In order to evaluate gσpipi and gρpipi, we need to make sure that the quadratic terms are diagonal.
However, from (14) we obtain the a1 − pi mixing term
L(2)Api = −
r3 v
2
√
2
Aaµ∂
µpia . (25)
In order to remove this, we need to shift the axial-vector field by defining
Aaµ ≡ A˜aµ + r3 v
2
√
2 m2a1
∂µpi
a , (26)
where A˜aµ is the diagonal normalized field. Note that after the shift the pion field is non-canonically
normalized. The normalized field p˜i is given by
pi =
v
fpi
p˜ia . (27)
9We can now evaluate gσpipi and gρpipi. The σpipi vertices are
Lσpipi = −h1 mσ2 σp˜i
ap˜ia − h2
2mσ
σ∂µp˜i
a∂µp˜ia +
h3
mσ
∂µσ∂
µp˜iap˜ia . (28)
Note that in the limit of zero a1−pimixing, r3 → 0, only the first term survives. The other two terms
arise respectively from the σa1a1 and σpia1 vertex. Computing the invariant amplitude A(s, t,u)
and extracting the gσpipi coupling gives [9]
gσpipi =
fpi
mσ
(
h1 − h22 − h3
)
. (29)
From the Lagrangian we obtain
h1 =
mσv
f 2pi
, h2 =
mσv
f 2pi
(
1 − f
2
pi
v2
) 1 + m2ρm2a1 − r1 g˜
2v2
2m2a1
 , h3 = mσvf 2pi
(
1 − f
2
pi
v2
)
, (30)
whence
gσpipi =
v
fpi
1 − (1 − f 2piv2
) 32 + m
2
ρ
2m2a1
− r1 g˜
2v2
4m2a1
 . (31)
Note that for arbitrary values of the parameters, gσpipi = 1 only in the limit ma1 →∞.
The ρpipi vertices are
Lρpipi = g1εabcVaµp˜i
b∂µp˜ic +
g2
m2a1
εabc∂µVaν∂
µp˜ib∂νp˜ic . (32)
On-shell, these give
gρpipi = g1 +
m2ρ
2m2a1
g2 . (33)
The g1 and g2 couplings extracted from the Lagrangian are
g1 =
m2ρv
ma1 f
2
pi
√
1 − f
2
pi
v2
, g2 =
g˜(s1 − 1)√
2
(
v2
f 2pi
− 1
)
, (34)
whence
gρpipi =
m2ρv
ma1 f
2
pi
√
1 − f
2
pi
v2
1 + (s1 − 1)g˜v2√2ma1
√
1 − f
2
pi
v2
 . (35)
We use fpi, mσ, mρ, ma1 , fρ and fa1 as input, solve for m, f , g˜, λ, r2 and r3, and use the resulting
expressions to evaluate gσpipi and gρpipi. We have already given the experimental value for fpi, mσ
and mρ. For the a1 mass we use the Particle Data Group estimate [10]
ma1 = 1230 ± 40 MeV . (36)
10
The fρ and fa1 decay constants are measured from leptonic decays. From [11] we obtain the values
fρ = 152.5 ± 3.5 MeV , (37)
fa1 = 143.5 ± 12.5 MeV . (38)
For simplicity we average over the estimates for mσ and mρ shown in Tabs. I and II. Taking the
central values to determine the Lagrangian parameters, and using the latter to evaluate gσpipi and
gρpipi, we obtain
gσpipi ' 0.09 + 0.13r1 , gρpipi ' 4.5 + 1.2s1 .
Agreement with experiment requires
r1 ' 6.9 , s1 ' 1.4 .
However neither result is fully satisfactory. First, the gσpipi coupling appears to be equal to one
by accident, rather than symmetry. Second, agreement with experiment for the gρpipi coupling
implies s1 = O(1). This, in turn, spoils the special relationship between trilinear and quartic
spin-one coupling leading to cancellation of the term growing like s2, in longitudinal vector
boson scattering amplitudes (where
√
s is the center-of-mass energy). We would rather have
|s1| ∼ |s2| ∼ |s3|  1, or else unitarity might be problematic already for √s & mρ. As an alternative
approach, one can impose CCS. This implies r3 = 0, whence fpi = v. Then we obtain gσpipi = 1, in
agreement with experiment. Unfortunately this also gives gρpipi = 0: in fact both a1−pimixing and
ρpipi vertex arise from the operator proportional to r3.
We end this section by noting that the linear sigma model with vector and axial-vector reso-
nances has been recently analyzed in [12] for three-flavor QCD. There the chiral partner of the
pions in the meson Lagrangian is taken to be the f0(1370) resonance, rather than the σ meson.
While this is reasonable, it nonetheless leaves open the question of why gσpipi ' 1.
IV. CHIRAL-QUARK LAGRANGIAN
Now we shall add chiral-quark dynamics on top of the meson Lagrangian (14). We take the
qL ≡ (uL, dL) and qR ≡ (uR, dR) doublets to respectively transform under SU(2)L0 and SU(2)R0, and
impose that CSI is only broken by dimension-two mass terms. Once again, the meaning of this
is to assume that higher-dimensional operators are more suppressed than suggested by naive
11
dimensional analysis. Imposing invariance under parity transformations the Lagrangian reads
LCQ = q¯Li /DqL + q¯Ri /DqR − y (q¯LΣqR + q¯RΣqL) + k (q¯Li /DU†LULqL + q¯Ri /DURU†RqR)
− 1
2δg˜
Tr
(
LµνLµν + RµνRµν
)
+
δ f
4
Tr
(
DµULDµU†L + DµURD
µU†R
)
+
δZ
2
Tr DµΣDµΣ† +
δm
2
Tr ΣΣ† − δλ
2
Tr ΣΣ†ΣΣ†
+
δr1
2
Tr
(
ΣΣ†DµU†LD
µUL + Σ†ΣDµURDµU†R
)
+ δr2Tr DµU
†
LULΣD
µURU†RΣ
†
− δr3
4
Tr
[
DµU†LUL
(
ΣDµΣ† −DµΣΣ†
)
+ DµURU†R
(
Σ†DµΣ −DµΣ†Σ
)]
, (39)
where
/DqL =
(
/∂ − i /L) qL , /DqR = (/∂ − i /R) qR , (40)
Now the pi, σ, ρ and a1 mesons carry a substantial part of the strong force, and the terms contained
in the meson Lagrangian parametrize residual gluon interactions below the chiral-symmetry-
breaking scale.
We now evaluate the effect of chiral quark dynamics by computing the renormalized La-
grangian in the large-Nc limit, with one fermion loop giving a contribution of the same order of
the tree-level terms. For this model to be realistic not only at zero momentum, but also at the ρ and
a1 mass scale, the fermion loops should be evaluated with a distribution-density of constituent
quark masses: this insures confinement and avoids processes with unphysical multi-quark pro-
duction [13]. Here we shall follow a simpler approach. We evaluate the integrals in the unbroken
phase using dimensional regularization, keeping the divergent terms only. We then make the
replacement
1
2 − d/2 + log 4pi
2 − γ→ log Λ
2
µ2
. (41)
Here Λ is the cutoff, whose dependence must be removed by appropriately choosing the tree-level
terms, whereas µ is the renormalization scale, which is of the order of the external momenta in
the loop diagram. This approach allows us to compute the running parameters of the meson
Lagrangian without having to deal with unphysical thresholds.
Before evaluating the quark loops, we note that the operators proportional to s1, s2 and s3
have been omitted in (39). As explained in the last section, these operators spoil the special
relationship between trilinear and quartic vector meson couplings which lead to cancellation of
the term growing like s2, in longitudinal vector meson scattering amplitudes. In order to insure
unitarity, we assume that these operators are zero in the large-Nc limit. This in turn implies that
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(d) (e) (f)
FIG. 2: Chiral quark contribution to the meson Lagrangian (42), in the large-Nc limit. The following
diagrams contribute to the corresponding running parameters: (a) Z(µ2), (b) g˜2(µ2), (c) r3(µ2), (d) r2(µ2),
(e) r1(µ2), (f) λ(µ2). In dimensional regularization diagram (a) contributes with a
momentum-independent d = 2 pole, which is absorbed by the constant m2 term. Because of gauge
invariance, diagram (b) does not contribute to f 2, which is therefore just given by the residual gluonic
term δ f in (39).
k = ±1. In fact k is the strength of the quark-vector interactions in units of the gauge coupling.
Once the Λ-dependence in the vector-field kinetic terms is removed by appropriately choosing δg˜,
the Λ-dependence in the trilinear and quartic vertices is absorbed by the same counterterm, in the
fermion-bubble approximation, only if k = ±1. If instead k , ±1, the si terms must be introduced,
and their running coefficients cannot be neglected to leading order in Nc.
The relevant quark loops are shown in Fig. 2 and lead to the running Lagrangian
L′CQ = q¯Li /DqL + q¯Ri /DqR − y
(
q¯LΣqR + q¯RΣqL
)
+ k
(
q¯Li /DU†LULqL + q¯Ri /DURU
†
RqR
)
− 1
2g˜2(µ2)
Tr
(
LµνLµν + RµνRµν
)
+
f 2
4
Tr
(
DµULDµU†L + DµURD
µU†R
)
+
Z(µ2)
2
Tr DµΣDµΣ† +
m2
2
Tr ΣΣ† − λ(µ
2)
2
Tr ΣΣ†ΣΣ†
+
r1(µ2)
2
Tr
(
ΣΣ†DµU†LD
µUL + Σ†ΣDµURDµU†R
)
+ r2(µ2)Tr DµU†LULΣD
µURU†RΣ
†
− r3(µ
2)
4
Tr
[
DµU†LUL
(
ΣDµΣ† −DµΣΣ†
)
+ DµURU†R
(
Σ†DµΣ −DµΣ†Σ
)]
, (42)
where
Z(µ2) = δZ +
Ncy2
8pi2
log
Λ2
µ2
,
1
g˜2(µ2)
=
1
δg˜
+
Nck2
48pi2
log
Λ2
µ2
, (43)
λ(µ2) = δλ +
Ncy4
8pi2
log
Λ2
µ2
, m2 = δm , f 2 = δ f , (44)
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and
r1(µ2) = δr1 +
Ncy2k2
8pi2
log
Λ2
µ2
, (45)
r2(µ2) = δr2 +
Ncy2k2
8pi2
log
Λ2
µ2
, (46)
r3(µ2) = δr3 −
Ncy2k
4pi2
log
Λ2
µ2
. (47)
The δ f parameter is not renormalized by the quark loop because of gauge invariance, whereas
δm absorbs a momentum-independent pole at d = 2, but is otherwise left unchanged. We must
choose the tree-level terms to remove the dependence on Λ. The δZ and δg˜ parameters are
fixed by imposing the compositeness conditions: the kinetic terms of the composite fields must
vanish at a given compositeness scale. We allow for spin-zero and spin-one fields to have different
compositeness scales, κ0 and κ1, respectively. This gives
Z(µ2) =
Ncy2
8pi2
log
κ20
µ2
, (48)
1
g˜2(µ2)
=
Nck2
48pi2
log
κ21
µ2
. (49)
The δλ parameter is fixed by requiring the VEV to be independent of the scale µ. Since the mass
term is renormalized by Z−1(µ2) and the quartic coupling by Z−2(µ2), we require λ(µ2) to approach
zero like logκ20/µ
2, as µ2 → κ20:
λ(µ2) =
Ncy4
8pi2
log
κ20
µ2
= Z(µ2)y2 . (50)
The resulting VEV is
v2 = Z(µ2)
m2
λ(µ2)
=
m2
y2
. (51)
The δri parameters can also be fixed by imposing renormalization conditions at the compositeness
scale. This, however, leaves us with the ambiguity of which scale to use, κ0 or κ1. We find it much
more convenient to renormalize the ri operators at zero momentum. The constituent quark mass,
which is found by solving the Pagels-Stokar equation,
Z(m2q)m
2
q =
y2v2
2
, (52)
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acts as an infrared cutoff for the integrals. Therefore, we choose the δri parameters such that
r1(µ2) = r1(m2q) −
Ncy2k2
8pi2
log
µ2
m2q
, (53)
r2(µ2) = r2(m2q) −
Ncy2k2
8pi2
log
µ2
m2q
, (54)
r3(µ2) = r3(m2q) +
Ncy2k
4pi2
log
µ2
m2q
. (55)
Here we make a crucial ansatz for making the a1 − pi mixing unobservable. We require
r3(m2q) = 0 . (56)
In fact the a1 − pi mixing only affects the interaction vertices involving the pions. Since the latter
are on-shell (for tree-level interactions), and (56) implies that the a1 −pimixing is zero for on-shell
pions, it follows that the vertices are not affected. This implies that the σpipi coupling receives no
corrections from the σa1pi and σa1a1 vertices, and is therefore forced by the hypothesis of CSI to be
equal to one. On the other hand, the ρpipi vertex is now nonzero, as r3(m2ρ) , 0. Furthermore, if
k > 0, r3(µ2) grows to positive values, and yields a negative contribution to the fa1 decay constant,
as implied by (19). This is important, as the leading term is proportional to ma1 , and alone would
give an excessively large fa1 . Since we argued that |k| = 1, we must have
k = 1 . (57)
We now impose the constraints (48)-(57) and compute masses, decay constants, gσpipi and gρpipi.
In doing so we should be careful to appropriately choose the value of µ2 in each case. In particular,
for external momenta equal to m2σ the fermion integrals, when evaluated in the broken phase, are
dominated by the quark constituent mass, and thus we should take µ2 = m2q when computing gσpipi
and mσ. The latter is given by
m2σ =
2v2λ(m2q)
Z2(m2q)
= 4m2q =
16pi2
Nc
v2
logκ20/m
2
q
. (58)
The ρ and a1 masses are, respectively,
m2ρ =
g˜2(m2ρ)
4
 f 2 + r1(m2ρ) − r2(m2ρ)Z(m2q) v2

=
12pi2
Nck2 logκ21/m
2
ρ
 f 2 + v2k2logκ20/m2q
(
r1(m2q) − r2(m2q)
) , (59)
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and
m2a1 =
g˜2(m2a1)
4
 f 2 + r1(m2a1) + r2(m2a1)Z(m2q) v2

=
12pi2
Nck2 logκ21/m
2
a1
 f 2 + v2k2logκ20/m2q
r1(m2q) + r2(m2q) − 2 log m2a1m2q
 . (60)
Note that the Z factor in these expressions is properly taken at m2q, since the ρρ(v + σ)(v + σ)
and a1a1(v + σ)(v + σ) interactions contributing to the mass are taken with the scalar legs at zero
momentum.
The decay constants are
f 2pi = v
2 , (61)
f 2a1 =
2m2a1
g˜2(m2a1)
1 − g˜2r3(m2a1)v24m2a1Z(m2q)
2
=
Nck2
24pi2
m2a1 log
κ21
m2a1
1 − 24pi2Nck v2m2a1
logm2a1/m
2
q
logκ21/m
2
a1 logκ
2
0/m
2
q
2 , (62)
f 2ρ =
2m2ρ
g˜2(m2ρ)
=
Nck2
24pi2
m2ρ log
κ21
m2ρ
. (63)
Note that now, because of the constraint (56), fpi receives no correction from the a1 − pi mixing.
CSI and the condition (56) imply
gσpipi = 1 , (64)
in agreement with data. The gρpipi coupling at ρ momentum µ is
gρpipi =
g˜(µ2)r3(µ2)
2
√
2Z(m2q)
=
√
24pi2
Nc
logµ2/m2q√
logκ21/µ
2 logκ20/m
2
q
. (65)
We can now solve the equations for fpi, mσ, and fρ in terms of mq, κ0, and κ1, and substitute the
results in the expressions for fa1 and gρpipi. This gives
fa1 = fρ
ma1
mρ
ξ(m2a1)
1 − f 2pim2a1
m2ρ
f 2ρ
χ(m2a1)
ξ2(m2a1)
 , (66)
gρpipi(µ2) =
mρ
fρ
χ(µ2)
ξ2(µ2)
, (67)
where
ξ(µ2) ≡
√
1 − Nck
2
24pi2
m2ρ
f 2ρ
log
µ2
m2ρ
, χ(µ2) ≡ Nck
16pi2
m2σ
f 2pi
log
4µ2
m2σ
. (68)
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Next we plug in the experimental values for fpi, fρ, mρ, ma1 , and mσ. For simplicity, we take an
average of the values of mσ and mρ shown in Tabs. I and II, that is, the real part of
√
sσ and
√sρ,
respectively. Using (57) this gives
fa1 = 142.5 ± 10.5 MeV , (69)
gρpipi = 5.52 ± 0.31 , (70)
where gρpipi has been evaluated at µ2 = m2ρ. The prediction for fa1 agrees with the experimental
value (38) at the 1σ level, whereas gρpipi agrees with the values shown in Tab. II at the 2σ level.
In order to obtain an even more accurate result, we should take into account, in the effective
Lagrangian, the pion mass and other sources of explicit chiral symmetry breaking. This, however,
would force us to fit, rather than predict. Alternatively, we can assume that small departures from
the chiral limit, in two-flavor QCD, affect the pion mass and decay constant, but nearly leaves the
other observables unaffected. In this case we can use as input the value of fpi extrapolated to the
chiral limit, f 0pi = 88.3 ± 1.1 MeV [14]. The fa1 decay constant is unaffected, whereas for gρpipi this
gives
gρpipi = 6.02 ± 0.37 , (71)
in excellent agreement with the experimental value. This result for gρpipi is especially interesting,
since the coupling grows from zero at zero momentum, because of the condition (56), to its correct
experimental value at µ2 = m2ρ, as shown in Fig. 3. This and the result for fa1 suggest that the
ansatz (56) is a correct one. We finally notice that fa1 and gρpipi are rather sensitive to k. For instance,
setting k = 0.9 (k = 1.1) leads to a central value fa1 ' 159 MeV ( fa1 ' 123 MeV). Therefore, the
k = 1 constraint appears to be satisfied to a good degree of accuracy. This implies that the ρ and
a1 meson behave like true gauge bosons.
V. NEAR-CONFORMAL DYNAMICS
In a strongly-coupled theory with near-conformal dynamics, the vector and axial-vector mesons
corresponding to ρ and a1, respectively, are expected to be near-degenerate: MV 'MA [15]. From
(59) and (60) we obtain
M2A log
K21
M2A
−M2V log
K21
M2V
=
24pi2V2
N logK20/M
2
Q
r2(M2A) . (72)
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FIG. 3: The running gρpipi coupling, as given by (67). A zero momentum this is zero, because of the
condition (56), but grows to its correct experimental value at µ2 = m2ρ.
Here N, MQ, V, K0 and K1 are quantities in all equivalent to their QCD counterparts, respectively
Nc, mq, v, κ0, and κ1. The vector-axial near-degeneracy implies
r2(M2A) ' 0 . (73)
Near-conformal dynamics also suggests that the ri functions run slowly. Since r2 is small at scales
near MA, we expect it to be small for all external momenta. Furthermore, we still expect r3 to
vanish at zero momentum, that is, for µ = MQ: as we have seen this appears to be the proper
way to remove the unwanted Aa − Πa mixing, where Πa are the pseudoscalars equivalent to the
QCD pions. Near-conformal dynamics suggests that r3(µ2) ' 0 for all values of µ between MQ
and the compositeness scale. Since r2(µ2) ' r3(µ2) ' 0, we see that CCS is expected to be an
approximate symmetry of strongly-coupled theories with near-conformal dynamics. This has
important physical consequences. For instance, we immediately obtain that, unlike QCD,
gVΠΠ ' 0 . (74)
For the HΠΠ coupling, where H is the scalar singlet equivalent to the σ meson, we still obtain
gHΠΠ = 1 , (75)
as this is a consequence of CSI in the meson Lagrangian. In technicolor theories H is identified
with the composite Higgs boson, whereas Π± and Π0 are, respectively, the Goldstone boson eaten
by the longitudinal component of the W and Z boson. Equation (75) suggests that the composite
Higgs has standard coupling to the W and Z boson [3], in agreement with observation. This is
particularly interesting, since near-conformal technicolor theories are expected to feature a lighter
scalar singlet than QCD-like technicolor. Including the large and negative radiative corrections to
its mass from the top quark [16], such a state could be as light as the observed 125 GeV resonance.
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If the technicolor scenario is realized in Nature, (74) tells us that the spin-one resonances might be
difficult to find at the LHC, since the typically dominant di-boson decays are suppressed.
VI. CONCLUSIONS
In this note we have discussed the possibility that the QCD pia pseudoscalar triplet and the
σ singlet form a linear bi-doublet of the chiral group SU(2)L × SU(2)R. This is motivated by
the fact that the gσpipi coupling, as implicitly defined in (1), is, to a very good approximation,
equal to one. While a LSM Lagrangian with pions and σ does lead to gσpipi = 1 (neglecting small
corrections from explicit chiral symmetry breaking), the situation is very different when the lightest
SU(2)L × SU(2)R resonances are included. The quadratic mixing between pion and axial-vector
meson requires a shift of the latter. This, in turn, introduces contamination of the σpipi vertex from
σa1a1 and σpia1, and leads, in general, to gσpipi , 1. Furthermore, agreement with data for the
gρpipi coupling requires the inclusion of O(p4) operators other than the ones containing the kinetic
terms. This spoils the special relationship between trilinear and quartic vector couplings leading
to cancellation of the term growing like s2, in longitudinal vector meson scattering amplitudes,
and is therefore potentially problematic for unitarity. Setting the axial-pion mixing to zero does
lead to gσpipi = 1, but also gρpipi = 0, in clear contrast with experimental data.
The scenario changes radically when chiral quark dynamics is added on top of the meson
Lagrangian. Working in the large-Nc approximation, we have shown that fermion loops introduce
momentum dependence on the couplings, and allows setting the axial-pion mixing to zero at zero
momentum only. As a consequence the σpipi vertex receives no more contribution from σa1a1 and
σpia1. Then, allowing for classical scale invariance to be only broken by dimension-two mass terms
implies gσpipi = 1. Furthermore, requiring the longitudinal vector meson scattering amplitudes to
grow at most like s leads to sensible predictions for gρpipi and the axial-vector decay constant fa1 ,
which turn out to be in excellent agreement with experimental data.
We finally argued that the vanishing of the axial-pion mixing at zero momentum suggests that
meson Lagrangians of strongly-coupled theories with near-conformal dynamics are expected to
feature an approximate chiral custodial symmetry, in addition to the ordinary custodial isospin
symmetry. This has interesting phenomenological consequences when applied to near-conformal
technicolor, such as, for instance, a small coupling of the spin-one resonances to the weak bosons.
This, in turn, implies that the search for spin-one resonances at the LHC might be harder than
expected.
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